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ABSTRACT

Metric refinements of qualitative topological relations not only provide more details of
distinctions between spatial entities, but also theoretical interests and applications. This paper
developed an alternative way of metric refinements for improving the identification of the eight
topological relations with the aid of the extension of convex hull concept to defining relations
between two spatial regions. We defined some area terms and relative ratio factors for metric

refinements that can be successfully and uniquely applied to the eight basic relations.

1. Introduction

Qualitative reasoning provides coarse, intuitive, and flexible ways of determining topological
relations between spatial objects, and is one of the basic topics of geographic information system
(GIS). The motivation of research in qualitative reasoning is also from its potential applications
in other different areas such as robotic navigation, spatial propositional semantics of natural
languages, engineering design, and high level vision [1]. Previous research work in spatial
reasoning has studied various aspects of space, among which topological relations are especially
emphasized. Egenhofer et al. (1991, 1993) developed a point-set-based 9-intersection model [2-
4], which derives eight fundamental spatial relations similar to those described in the Region-
Connection Calculus (RCC) developed by Randell et al. (1992) [5]. The extensions of 9-
intersection model have been developed since then, such as the Dimensionally Extended nine-

Intersection Model (DE-91IM) and Calculus-Based Method (CMB) by Clementini et al. [6,
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7], which becomes a standard used to describe the spatial relations of two geometrical regions,
point-set topology, geospatial topology, and fields related to computer spatial analysis. In
addition, Chen et al. (1998, 2001) proposed a Voronoi-based 9-intersection model by replacing
the exterior of an entity with its VVoronoi region [8, 9], which has to certain degree improvement
in solving some practical problems in the original 9-intersection model such as difficulties in
distinguishing different disjoint relations and relations between complex entities with holes.
However, the purely qualitative representation and reasoning or topology per se is usually
insufficient to depict the spatial relations between objects in the real world, and we need to
consider other metric aspects or details of the spatial relations to make to some degree subtle but

very important distinctions [1, 10].

The metric details for refinements of different categories of spatial relations either by the 9-
interaction or RCC-8 should provide a more precise measure than topology alone. Research
efforts in metric spatial reasoning have been addressed on some aspects of space such as
direction and orientation [11-14], distance [15], size [16], and shape [17]. Since a metric space
exhibits both metric and topological properties [18], some research approaches or models
combining topology and metric aspects such as distance and size have been developed [18-23].
Here we are most interested in how to combine distance or closeness with topology to reason the
spatial relations. The problem of most previous work is that reasoning with linear distance alone
and without consideration of other aspects especially direction often hardly arrives at a

conclusion [11, 18].
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In this paper, we first introduced the concept of convex hull to define the merged region of two
original spatial objects we are trying to deal with the relations and then the outside and inside

delta areas which can easily be used to capture the expansion and contraction closeness.

2. Extension of Convex Hull to Topological Relations

The spatial objects or regions considered in this section are embedded in IR? as defined in [18],
and they have a continuous boundary, no holes, no spikes, and no cuts. In addition, we use the
concept of convex hull or polygon of a set of two-dimensional points [24] for a specific spatial
region. Let A and B be two convex hulls representing two spatial regions in the two dimensional
plane, denoted as CH(A) and CH(B), and we subsequently determine the convex hull CH(A, B)
by merging A and B. The convex polygon CH(A, B) is obtained by tracing the two tangents

(upper and down) common to A and B [24] (Figure 2).

The eight fundamental topological relations between two such spatial regions or convex hulls
here shown in Figure 2 are based on the 9-intersection model [2, 18]. From Figure 2 we can see
that the normal convex polygons CH(A, B) defined as above can be obtained only in the relations
of disjoint, meet and overlap. In the relation of equal, actually, CH(A, B) = CH(A) = CH(B). In
the relations of coveredBY, inside, covers, and contains, one region is embedded inside another.
In order to use the concept of convex hull and determine the contraction closeness for all these
relations (to be discussed in details in section 4) we introduce the concept of “mirror” object or
right/left dual object for the embedded object. Let the mirror objects of A and B be A’ and B’
with dotted boundary, respectively, so the imaginary convex hulls with dotted tangents for these

four relations are shown in Figure 2. Among these eight topological relations, the non-empty



intersections including meet, overlap and equal are able to capture metric details, which have
been addressed in previous studies [25-27]. However, the empty intersections including disjoint,

coveredBy, inside, covers, and contains are unable to be further distinguished with more metric

details.

Upper Tangent

Down Tangent

(disjoint) (meet) (overlap) (equal)

(covers) (contains)

Figure 2. The eight topological relations between two regions in IR with their merged
convex hull representations.

3. Convex-Hull-Based Metric Refinements for Region-Region Relations
Metric details are used to refine and enhance qualitative and coarse topological relations. Two

types of measures for metric refinements for region-region relations have been developed in [18],

4



one called splitting measures for distinguishing non-empty intersections involving 0, 1, and 2-
dimensional intersections, and another called closeness measures for refining empty intersections
including expansion closeness (EC) and contraction closeness (CC). In this section, we are trying
to develop an alternative way to refine region-region relations with the aid of convex hull
concepts defined in the previous section. What we especially emphasize here is to use the
relative or scale-independent measure of area values to refine either empty or non-empty

intersections.

Let us consider three convex hulls here, CH(A), CH(B) and CH(A, B), corresponding to the two
original spatial regions we are dealing with what kind of relations will be and the newly emerged
reference spatial region. Considering the boundaries of the two original spatial objects A and B
in CH(A, B), there is some extra area or space between CH(A, B) and the original CH(A) and
CH(B) in the relations of disjoint, meet, and overlap (Figure 2 and 3). Note that we exclude the
exceptions as shown in Figure 4 in which no extra area needed to form CH(A, B) from CH(A)
and CH(B), i.e, CH(A, B) = CH(A) + CH(B). We define this area as the outside delta area,

denoted as Aoussige, and the specific outside delta areas in the relations of meet, disjoint, and
overlap as Ameet, Adis,-oim, and onenap, respectively. We also define the common parts in the

overlap relation as A,. While dealing with the relations of coveredBy, inside, covers and

contains we need to use the mirror or right dual objects of the smaller one as references, which

are inside another. By creating the imagined convex hulls, correspondently, we can define the

inside delta area, denoted as Ain, and the specific inside delta areas in the relations of coveredBy,

inSIde, COVEFS, and COntalnS as AcoveredBy, A|ns|de, Acovers, and Acontains, respeCtIVE|y Therefore, no

matter what empty or non-empty intersection we deal with, we can define a ratio of the outside
or inside delta area with respect to the area of the either of two spatial regions. In the overlap
relation we also define a ratio of the common part with respect to the area of one of two original

regions. We define three major area ratio factors as follows:



e Qutside Closeness (OC): the expanding or outside delta area required so that together
with the original CH(A) and CH(B) to form CH(A, B). This is similar to the concept of
Expansion Closeness (EC) defined in [18] but the difference is that OC does not consider
entire buffered zone. OC can be used in the relations of meet, disjoint, and overlap.

e Inside Closeness (IC): the inside delta area proportionally reflecting the imagined outside
delta area required so that together with the bigger region and the mirror of the smaller
region to form the imagined CH(A, B). This is similar to the Contraction Closeness (CC)
in [18] but not using the contracted and buffered delta zone as measure. IC can be applied
for metric refinements for the relations of coveredBy, inside, covers, and contains.

e Intersection Degree (ID): the common or intersecting portion with respect to the area of
CH(A) or CH(B). ID is the same as the inner area splitting (IAS) defined in [18].

Corresponding formula for the ratio factors above and some other related terms are defined

below:

C- Aoutside
Area (CH(A)) + Aoutside

= Ain
 Area (CH(A)) + Ain

D - Aab
"~ Area (CH(A))

In the relations of meet and disjoint:
Aousice = Area (CH(A, B)) — Area (CH(A)) — Area (CH(B))
In the relation of overlap:

Aoussice = Area (CH(A, B)) — Area (CH(A)) — Area (CH(B)) + A



Upper Tangent - Ameet Agisjoint

o

.

Down Tangent Down Tangent
(meet) (disjoint)
Aab

,,,:,-':"onerlap QAab = CH(A) = CH(B)
Aequal = 0 (or empty)

Down Tangent
(overlap) (equal)

Upper Tangent

Upper Tangent

AcoveredBy Ainside

Down Tangent ‘Down Tangent

(coveredBy) (inside)
Upper Tangent
‘‘‘‘‘‘‘‘ Acovers Upper Tangent Acontains
Down Tangent Down Tangent
(covers) (contains)

Figure 3. Specification of the common portion (Aap), inside and outside delta areas (Ainsige
and Aoutside) between two spatial regions A and B for the eight topological relations.
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Figure 4. Selected exceptions for CH(A, B) = CH(A) + CH(B) when spatial region A meets
region B.

4. Refinement Specifications to Region-Region Topological Relations

In this section, we study the metric refinements for each of eight topological relations with OC,
IC, ID and other metric terms defined in this paper. Different metric refinements with different

values can be used to identify the specific topological relations.

For the relation of disjoint there is a largest Aousice cOMpared to other relations. The Outside

Closeness (OC) for disjoint is based on a greater than zero Aquside, Meaning that the value range
should be greater than zero and less than one. We can also standardize the OC, denoted as OC’,

by fep|aCing Aoutside with Adisjoit = Aoutside - Ameet-

In the relation of meet we can define Ameet as the base outside delta area because we can

definitely identify one unique or fixed Anmeet from one direction. So, we consider the OC for meet

as the base OC (the range value: greater than zero and less 1) for differentiating it from the

relations of disjoint and overlap. We will have OCouyeriap < OCmeet < OCljisjoint-



In the relation of overlap there is a smallest Aoussice, Specifically denoted as Agyeriap. Therefore,

the OCoveriap IS the smallest as shown above although the value range is still greater than zero and
less than one. However, for the relation of overlap we have another ratio factor, Intersection
Degree (ID), reflecting the degree of overlapping or common area. The relation between

OCoverlap and ID is that the less the OCoyeriap iS, the larger the ID.

In the relation of equal there is no either Aouside OF Ain, However, Ao\,e”ap reaches the maximum,

i.e. Aoveriap = Area (CH(A)) = Area (CH(B)) = Area (CH(A, B)). For the equal relation, no

expansion and contraction needed, i.e., OC =0 and IC =0.

For the relations of coveredBy and covers we can define A, as Acoveredsy and Acovers, the base

inside delta areas because we can determine one unique either Acovereasy OF Acovers from one

direction inner contact. So, we consider the IC for coveredBy as the base IC (the range value:
greater than zero and less 1) for differentiating it from the relation of inside, and the IC for
covers as the base IC different from the IC of the inside relation. We will have OCcoveredsy <

ICinside @nd 1Ccovers < ICcontains -

For the relations of inside and contains we have noticed above that the Ay is larger than either
Acoveredy OF Acovers because the smaller region is away from the inner boundary. Similarly, the

Inside Closeness (IC) for coveredBy and covers is based on a greater than zero A, implying that



the value range is greater than zero and less than one. We can also standardize the IC, denoted as

IC’, by replacing Ain with Ainside = Ain - AcoveredBy or Acontains = Ain - Acovers-

While dealing with the eight topological relations between two investigated spatial regions, we
can always determine the unique area terms and ratio factors for the relations of meet, coveredBy
and covers as the references for comparing the relative expansion and contraction closeness. To
show that metric refinements based on these area terms are sufficient to distinguish all the eight
fundamental topological relations, we construct the table 1 showing the distinctions between

these relations in terms of metric refinements defined in this paper.

Table 1. A table showing different combinations of metric refinements with area terms for
distinguishing the eight topological relations.

Topological relation Aousice/ OC A Ainl IC
disjoint >Ameet! > OCreet null null
meet Ameet/ OCreet null null
overlap <Aret] < OCrmeet + null
equal 0 max 0
coveredBy null null AcoveredBy/ ICcoveredBy
inside null null >AcoveredBy/ ICcoveredBy
COVErS null null Acovers/ ICcovers
contains null null >Acovers/ ICcovers
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5. Conclusions

In this paper, we successfully used the defined area terms and relative ratio factors for metric
refinements with the extension of convex hull concept to uniquely derive the eight fundamental
topological relations. The outside and inside delta areas with the context of convex hull concept
were defined. Consequently, we used the Outside Closeness (OC) for replacing the Expansion
Closeness (EC) and the Inside Closeness (IC) for replacing the Contraction Closeness defined in
other previous research. The OC alone can be used to capture disjoint and meet relations, and the
combination of OC and ID measures is applied to capture overlap metric refinements. The IC
alone can be used to characterize the contraction closeness for inside and contains with the base
metric measures of converedBy and convers relations. This paper provides a new and alternative

way of metric refinements for capturing the topological relations.

6. References

[1] A. G. Cohn, and J. Renz, “Chapter 13 qualitative spatial representation and reasoning,”
Handbook of Knowledge Representation, vol. 3, pp. 551-596, 2008.

[2] M. J. Egenhofer, and J. Herring, “Categorizing binary topological relations between
regions, lines, and points in geographic databases,” In: A Framework for the Definition of
Topological Relationships and an Approach to Spatial Reasoning within this Framework.
Santa Barbara, CA, pp. 1-28, 1991.

[3] M. J. Egenhofer, J. Sharma, and D. M. Mark, “A critical comparison of the 4-intersection
and 9-intersection models for spatial relations: formal analysis,” in AUTOCARTO-
CONFERENCE, 1993, pp. 1-11.

[4] M. J. Egenhofer, and R. D. Franzosa, “Point-set topological spatial relations,”
International Journal of Geographical Information Systems, vol. 5, no. 2, pp. 161-174,
1991/01/01, 1991.

[5] D. A. Randell, Z. Cui, and A. G. Cohn, "A spatial logic based on regions and
connection,” Third International Conference on Knowledge Representation and
Reasoning, W. S. B. Nebel, C. Rich, ed., 1992, pp. 165-176.

[6] E. Clementini, P. Felice, and P. Oosterom, "A small set of formal topological
relationships suitable for end-user interaction,” Advances in Spatial Databases, Lecture
Notes in Computer Science D. Abel and B. Chin Ooi, eds., pp. 277-295: Springer Berlin
Heidelberg, 1993.

11



[7]
[8]

[9]

[10]
[11]
[12]
[13]
[14]

[15]
[16]

[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]

[27]

E. Clementini, and P. Di Felice, “A comparison of methods for representing topological
relationships,” Information Sciences-Applications, vol. 3, no. 3, pp. 149-178, 1995.

J. Chen, Z. Li, C. Li, and C. Gold, “Describing topological relations with voronoi-based
9-intersection model,” International Archives of Photogrammetry and Remote Sensing,
vol. 32, pp. 99-104, 1998.

J. Chen, C. Li, Z. Li, and C. Gold, “A Voronoi-based 9-intersection model for spatial
relations,” International Journal of Geographical Information Science, vol. 15, no. 3, pp.
201-220, 2001/04/01, 2001.

M. Schneider, "Vague Topological predicates for crisp regions through metric
refinements,” Developments in Spatial Data Handling, pp. 149-162: Springer, 2005.

A. U. Frank, “Qualitative spatial reasoning about distances and directions in geographic
space,” Journal of Visual Languages & Computing, vol. 3, no. 4, pp. 343-371, 1992.

G. E. LIGOZAT, “Reasoning about cardinal directions,” Journal of Visual Languages &
Computing, vol. 9, no. 1, pp. 23-44, 1998.

C. Schlieder, “Representing visible locations for qualitative navigation,” Qualitative
reasoning and decision technologies, pp. 523-532, 1993.

C. Schlieder, "Reasoning about ordering,” Spatial information theory a theoretical basis
for GIS, pp. 341-349: Springer, 1995.

D. Hernandez, E. Clementini, and P. Di Felice, Qualitative distances: Springer, 1995.

O. Raiman, “Order of magnitude reasoning,” Artificial intelligence, vol. 51, no. 1, pp. 11-
38, 1991.

C. Schlieder, “Qualitative shape representation,” Geographic objects with indeterminate
boundaries, vol. 2, pp. 123-140, 1996.

M. J. Egenhofer, and M. P. Dube, "Topological relations from metric refinements." pp.
158-167.

A. Gerevini, and J. Renz, “Combining topological and size information for spatial
reasoning,” Artificial Intelligence, vol. 137, no. 1-2, pp. 1-42, 5//, 2002.

M. J. Egenhofer, “Query processing in spatial-query-by-sketch,” Journal of Visual
Languages & Computing, vol. 8, no. 4, pp. 403-424, 1997.

M. J. Egenhofer, and A. R. Shariff, “Metric details for natural-language spatial relations,”
ACM Transactions on Information Systems (TOIS), vol. 16, no. 4, pp. 295-321, 1998.

K. A. Nedas, M. J. Egenhofer, and D. Wilmsen, “Metric details of topological line—line
relations,” International Journal of Geographical Information Science, vol. 21, no. 1, pp.
21-48, 2007.

D. Hernandez, Qualitative representation of spatial knowledge: Springer, 1994.

F. P. Preparata, and S. J. Hong, “Convex hulls of finite sets of points in two and three
dimensions,” Communications of the ACM, vol. 20, no. 2, pp. 87-93, 1977.

E. Clementini, and P. Di Felice, “Topological invariants for lines,” Knowledge and Data
Engineering, IEEE Transactions on, vol. 10, no. 1, pp. 38-54, 1998.

M. Egenhofer, “A model for detailed binary topological relationships,” Geomatica, vol.
47, no. 3, pp. 261-273, 1993.

M. J. Egenhofer, and R. D. Franzosa, “On the equivalence of topological relations,”
International Journal of Geographical Information Systems, vol. 9, no. 2, pp. 133-152,
1995.

12



